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Abstract 

We show that the holonomy invariance of a function on the tangent 
bundle of a manifold, together with very mild regularity conditions on the 
function, is equivalent to the existence of local parallelisms compatible 
with the function in a natural way. Thus, in particular, we obtain a 
characterization of generalized Berwald manifolds. We also construct a 
simple example of a generalized Berwald manifold which is not Berwald. 
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Introduction 

A function given on the tangent bundle of a manifold is said to be holonomy 
invariant if there is a covariant derivative on the manifold whose parallel trans- 
lations preserve the function. The Finsler function of a generalized Berwald 
manifold is an example of such a function. So is, in particular, the Finsler func- 
tion of a Berwald manifold, in which case the covariant derivative is torsion-free 
and unique. 

Berwald manifolds have been studied intensely; many equivalent definitions 
and characterizations are known (see, e.g., 0), and there is a nice classification 
of this type of Finsler manifolds due to the structure theorem of Szabo |7j . Such 
a classification of generalized Berwald manifolds is not yet known, nevertheless 
many interesting papers have been written on the subject, for example, by 
M. Hashiguchi and Y. Ichijyo [3], Y. Ichijyo [HIS], Sz. Szakal and J. Szilasi [B] 
and L. Tamassy [TU] . 

The present work was strongly motivated by the papers [H [S] of Ichijyo. He 
proved that connected generalized Berwald manifolds are the same as the so- 
called {V, H} manifolds. In this paper we generalize Ichijyo's concept of {V, H} 
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manifolds by introducing functions on the tangent manifold compatible with 
a covering parallelism (Definition [5]) . Thus we provide a possible answer for 
Problem 9 in i2! , where Hashiguchi listed some open problems on generalized 
Berwald manifolds. With our new definition we reformulate and also generalize 
Ichijyo's theorem: instead of the strong regularity conditions on the Finsler 
function, we assume only continuity and that the function vanishes exactly at 
the zero vectors. Under such mild conditions, we prove that the function is 
holonomy invariant if, and only if, it is compatible with a covering parallelism 
on the manifold in a natural way (Theorem [7]). As a corollary, by applying this 
result to a Finsler function, we obtain a characterization of generalized Berwald 
manifolds (Corollary [5]). 

The structure of the paper is the following. In the first section we collect 
our notations and basic tools. After this, we turn to give the definition of a 
parallelism on a manifold and establish its correspondence with trivializations 
of the tangent bundle. This correspondence will play an important role later. 
In the third section we set up and prove the main result; here the reader can 
find the definition mentioned in the previous paragraph, an auxiliary lemma 
and the theorem stating the equivalence (Theorem [7]). Finally, we give a simple 
example of a non-Bcrwaldian generalized Berwald manifold. 

1 Preliminaries 

Throughout the present paper, by a manifold we shall mean a finite dimen- 
sional second countable, smooth manifold, whose underlying topological space 
is Hausdorff'. Furthermore, we always assume that the considered manifold is 
connected. Given a manifold M, let C°°{M) denote the real algebra of smooth 
functions on M. The tangent bundle of M is r: TM — >■ M, and TM denotes 
the tangent manifold with the zero tangent vectors removed. 

Given an open interval / and a curve 7: / — >• M, we can always reparam- 
etrize 7 so that its domain contains 0. Henceforth, we will assume that any 
curve is parametrized in this way. We also assume the regularity of any curve 
mentioned in the paper. 

Consider a smooth curve 7: / AI. A vector field along 7 is a smooth 
mapping X : I TM such that t o X = j. A covariant derivative V on M 
induces a covariant derivative V-y on the C°° (/)-module of vector fields along 
7, such that 

V^X(t) := V^(t)X it€l), 

where j{t) is the velocity of 7 at t, and A" is a vector field on M such that 
A07 = A. 

A vector field X along 7 is parallel if it satisfies the ordinary differential 
equation V^A = 0. The parallel translation of a tangent vector v G T^(^q)AI to 
Ty^t)M is X{t) where A is the unique parallel vector field along 7 with A(0) = v. 
Then the parallel transport from 7(0) to j{t) along 7 (with respect to V) is 

P^: T^(o)Af ^ r^(t)M, V ^ X{t). 
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It is a well-known result that this mapping is a linear isomorphism between the 
tangent spaces. 

Later we write simply for if / contains 1. 

A trivialization of the tangent bundle TM on an open subset lA <Z M (or a 
local trivialization of TAI) is a smooth mapping (p: U x M" — > TAI such that 
for any p ^lA the mapping 

tpp-.v^W^ ipp{v) := ip{p, v) e TpM 

is a linear isomorphism. The set U is the domain of the trivialization ip. Some- 
times we want to emphasize the domain of a trivialization, and we use the 
notation {U, ip) for a trivialization p with domain U. Given two local trivial- 
izations {Ua,^a) and of TM such that Uaf^Up ^ 0, the transition 

mapping from Lpp to (^q is 

<^/3a: UaDUu GL(R"), Ppaip) ■= i^a)p^ o iVf})p- 

A family of local trivializations {Ua, Pa)aeA is called a covering trivialization 
of TM, if 

M = U W,. 

Let G be a subgroup of GL(R"). A covering trivialization {Ua, 'Pa)a£A of TM 
is a G-structure on TM if for any a, (3 £ A the transition mapping (/j^q, is 
G- valued. 

A G-structure on the tangent bundle TM of a manifold M induces a covari- 
ant derivative on M if G is a Lie group. A precise formulation of this result 
goes as follows. 

Lemma 1. Let M be an n- dimensional manifold, G a Lie subgroup of GL(IR") 
and {Ua, Pa)a^A 0. G-structure on TM . Then there exists a covariant derivative 
V on M such that if a smooth curve 7 : L ^ M takes values only in a single Ua , 
then there is a smooth curve A: I ^ G such that the parallel transport along 7 
is of the form 

= i^a)^it) ° A{t) o (¥^0)^(0), t e I- 
Displayed by a commutative diagram: 

R" ^^^^ T^(o)M 



A(t) 



For a proof, see, e.g., [TTl Chapter 3 



> T^(t)M 
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2 Parallelisms 



Let V[p^q) := Hom(rpAf , TqAf) for any pair of points (p, g) G M x Af, and let V 
be the disjoint union of these sets. Then 

t::V^M xM, T,[V(p,q)) = {p,q) 

is a vector bundle over M x M . By a parallelism on A/ we mean a smooth 
section P of this vector bundle satisfying 

P(r, g) o P(p, r) = P(p, q) and P(p,p) = It^m 

for allp, g, r e A/ (cf. [1, p. 174]). These conditions imply that the mappings 

P(p, q) : TpM ^ TgM, {p, q)EMxM 

are actually bijective. 

Most manifolds do not admit a parallelism. Exactly those manifolds enjoy 
this nice property, which can be endowed with a global frame field. These mani- 
folds are said to be parallelizable. However, any point in a manifold has an open 
neighbourhood, which is, as an open submanifold, parallelizable. Sometimes for 
a parallelism P on an open submanifold U we use the notation {U, P). 

By a covering parallelism of a manifold M we mean a family of parallelizable 
submanifolds {Ua, Pa)aeA of A/, where {Ua)aeA is an open covering of M. 

There is a natural correspondence between parallelisms on open submani- 
folds of a manifold and local trivializations of its tangent bundle. In order to 
make this correspondence precise, we define an equivalence relation on the set 
of all trivializations on an open subset W of a manifold M. We say that two 
trivializations {U, Lp) and [U, ip) of TM are in the same equivalence class if 
there is a linear automorphism A E GL(]R.") such that 

(p{p,v) = il:{p,A{v)) for all p e iY, i; e K" (n diniA/). 

Equivalently, the transition mapping from ip to ip takes the same value A G 
GL(IR") at every point p E U. We call the class of tp the class of linear pertur- 
bations of ip, and denote it by 

Lemma 2. Given a local trivialization {U, ip) of the tangent bundle of a mani- 
fold, the mapping P: U x U ^ V given by 

P{p,q) v^q^Vp^, p,q&i^ (1) 

is a parallelism on lA. Furthermore, the mapping [p] ^ P , where P is given by 
is a bijection between the classes of linear perturbations of trivializations on 
U and the parallelisms on U. 
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Proof. For a trivialization (p on U, let P be given by ([T]). It is easy to show that 
P is a parallehsm on U and that any other triviahzation in [ip] induces the same 
parallehsni. 

We construct a bijective left inverse $ for the mapping [ip] n- P. 

Suppose that P is a parallelism onU C M . Fix a point p ^ U and a linear 
isomorphism rip-. R" — )• TpM. Let $(P) := [(/s], where </3 is a trivialization of 
TAI on W given by 

p: {q,v)eUxR''^if{q,v):=P{p,q)orjp{v). (2) 

One can easily check that (p is indeed a trivialization on U. Now we show that 
$(P) does not depend on the choice of p and rjp. If p is another point in U and 
Hp : R" TpM is a linear isomorphism, then for an arbitrary q and v G M" 
we have 

:= P{p,q) o Hp{v) = P(p, oP{p,p) o fj.p{v). (3) 
Then there exists a unique A G GL(R") such that 

P{p,p)ofJ.p = 77p o A, 

therefore ^ takes the form 

v) = P{p, q) o rip{A{v)) = p{q, A{v)), 

and hence (p is in the class [p\. 

It remains to show that the assignment $: P h-^ ^(P) is bijective. For a 
trivialization p on let a parallelism P on be given by ([T]). We verify that 
4>(P) = [p\. Indeed, if we apply ([2]) with the choice rjp := pp, we have 

P(p, (?) o .^p(w) = .^g o p-'^ o = .^^(w) = p{q, v), 

thus $ is surjective. Furthermore, for a given [p] relation ([T]) uniquely deter- 
mines P, hence $ is also injective. Thus the mapping [p}] H> P is invertible, as 
was to be shown. □ 

Remark 3. Let P be a parallelism on an open subset W of a manifold. It 
turns out from the proof of the previous lemma that for any point p in 14 and 
linear isomorphism rjp : R" — TpM, there is a unique trivialization (Z//, p) in the 
perturbation class corresponding to P such that pp = r/p. 

3 Holonomy invariant functions on TM 

Let M be a manifold and consider a function F on the tangent manifold. Here- 
after, we use the notation Fp for the restriction of P to a tangent space TpM, 
pe M. 

In this section we are going to study the 'compatibility' of the function F with 
a covariant derivative and a parallelism. 'Compatibility' means here that the 
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linear isomorphisms (between the tangent spaces) induced by the investigated 
additional structure on the manifold leaves the considered function invariant. 
For example, given a Finsler manifold (M, F) and a covariant derivative V on 
M we can study whether the induced parallel translation preserves the Finsler 
norms of tangent vectors. If the answer is positive along all curves, then we say 
that the Finsler function is holonomy invariant with respect to V. The precise 
definition for an arbitrary function on TM reads as follows. 

Definition 4. Let V be a covariant derivative on a manifold M and F a function 
on TM . We say that the function F is holonomy invariant with respect to V 
if the parallel transport induced by V preserves F^ that is, for any curve 
j: I ^ M and parameter t e / we have 

Similarly, one can define the compatibility of a function on TM and a par- 
allelism. 

Definition 5. We say that a function F on TM is compatible with the paral- 
lelism P on M if F takes the same value on parallel vectors, that is, for any 
p,q € M the relation 

F,oP{p,q)^Fp 

holds. More generally, F is compatible with a covering parallelism ilAa, Pa)aeA 
if the restriction of the function F to T^^ilAa) is compatible with the parallelism 
{Ua,Pa) for ah a e A. 

For a very general class of functions a nice relation holds between the two 
properties just introduced. However, to prove Theorem [71 that describes this 
relation, we need the following lemma; this is a mild generalization of one of 
Ichijyo's results [3]. 

Lemma 6. Let /: R" — >■ R &e a continuous function such that it vanishes at 0, 
and only there. Then the isometry group 

iso(/) :={AeEnd(M") \ f o A = f} 

of f is a Lie subgroup o/GL(]R"). 

Proof. Notice first that the elements of iso(/) are invertible. For an A G iso(/) 
and a vector u 7^ of M" we have 

foA{v)^f{v)^0, 

thus A{v) = is impossible, due to the condition on /. It follows that iso(/) C 
GL(R") and also that iso(/) is a subgroup of GL(]R"). 

It remains to show that the subgroup iso(/) is closed, then Cartan's closed 
subgroup theorem implies that iso(/) is indeed a Lie group. Now let us consider 
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a sequence {Ak) in iso(/) and assume that it converges to ^ G End(K"). Then, 
taking into account the continuity of /, we obtain 

f{A{v)) = / ( \im Ak{v)) = hm f{Ak{v)) = hm f{v) = f{v) 

for any v G M", proving that A G iso(/) and thus the closedness of iso(/). □ 

Now we have all the tools to prove the following result. 
Theorem 7. Let F : TM — > R 6e a function such that it is 

(i) zero on the zero vectors of TM and non-vanishing on TM, 

(a) continuous over T M . 

Then F is holonomy invariant with respect to some covariant derivative on the 
manifold if, and only if it is compatible with a covering parallelism. 

Proof. Consider a function F : TM R satisfying the two conditions of the 
theorem. Recall that M is assumed to be connected. 

(1) Let V be a covariant derivative on M and assume that the function F 
is holonomy invariant with respect to V. Fix a point p G M and a chart {U,u) 
around p such that u{lA) is convex in R". Now we construct a parallelism on lA. 
For an arbitrary point q E U consider the curve Cq{t) :~ (1 — t)u{p) +tu{q) , which 
is the line segment in R" connecting u{p) and u{q). In this case jq :— o Cg 
is a curve in U connecting p with q. Now let 

P{p,q) :=P^,, 

where P^^ is the parallel transport along 7^ with respect to V. For any qi, (72 G ^ 
define P{qi, (72) as 

P{qi,q2) ■=P{p,q2)oP{p,qi)-\ 

It can be easily checked that P is a parallelism over U; the smoothness follows 
from the smooth dependence on parameters of ODE solutions. It is also clear 
by the holonomy invariance that for q,r £ U we have 

Fr o P{q, r)^FrO P^^ o P-I = Fp o p-^^ ^ Fq, 

which means that F is indeed compatible with P . 

To obtain a covering parallelism of M , we can apply the same method for 
sufficiently many p £ M . 

(2) In this part we assume that F is compatible with a covering parallelism 

{Ua,Pa)aeA oi M . 

First fix an element of the covering parallelism; let it be {U, P) for simplicity. 
Let (W, Lp) denote a trivialization corresponding to P (see Lemma[2]) and consider 
the diagram 

R" TpM ) R 

1m"| |-P(p,g) |ir 

R" TqM — ^ R 
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for some p,q & U. The left part of the diagram commutes due to ([T|), and 
the right part does because of the compatibihty of F and P. Hence the entire 
diagram is commutative and we have 

FpOipp^ FqO ipg. 

It means that the function above is independent of the chosen point of U, thus 
it is possible to use the notation F o ip := Fp o ipp. Then the function 

Foif-.W^R 

is a continuous function on M" and it is zero only at 0. It follows by Lemma IHl 
that 

the isometry group of _F o is a Lie subgroup of GL(R"). (4) 

As our manifold M is second countable, we can assume that the index set A 
of the covering {Ua)a<£A is the set of natural numbers N, thus we can continue to 
work with a compatible covering parallelism {lAi^ Piji^^. Consider {Uo,Pq) and 
an induced trivialization {IAq, ipo); let / := F o ipQ with the notation introduced 
in the previous paragraph. Since M is connected, there exists an index j S N 
such that Uj DUa ^0; after a rearrangement of the indices we can assume that 
j = 1. Let p £ Uq nUi and let tpi be the trivialization over Ui induced by Pi 
such that 

i.e., ipi is the unique element of the perturbation class corresponding to Pi with 
this initial condition (cf. Remark [3]). In this case we have 

F o (pi = Fp o {ipi)p ^ Fpo {(p„)p ^ F o ipo ^ f. 

We can repeat the method to obtain a local trivialization {1^2,^2) in the next 
step such that / — F o Lp2, then use induction for the greater indices. Every 
element of the covering {l/li)i^fi that we started from occurs at some point of this 
process. Otherwise M could be partitioned into two nonempty open subsets: 
the union of those sets Ui which occur and of those which not. However, by the 
connectedness of M this is impossible. 

Finally, we obtain a covering trivialization {Ui,(pi)if=fj and a function / on 
K" such that 

f = F o for all i G N. 

We show that this covering trivialization forms an iso(/)-structure. Let 
/c, Z e N such that Uki :=Uk^Ui 7^ and p G Uki- Then the transition mapping 
fkiip) is an element of iso(/) because 

/ O (fklip) = FpO {ipi)p O {(pi)p'^ O {(pk)p = Fp O {ipf,)p = /. 

So we can conclude that (Ui, (pi)i^Tq is an iso(/)-structure. 

Since iso(/) is a Lie group (see (HJ), the iso(/)-structure {Ui,(pi)i^^ induces 
a covariant derivative V by Lemma [T] Now we prove that the function F is 
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holonomy invariant with respect to this covariant derivative. Let p,q G M, and 
let 7 : J — >■ M be a curve connecting these two points. If F is invariant under the 
parallel transport along pieces of 7 then it is invariant along the entire curve. 
Thus, we can assume that Ini(7) is contained in a single Uk for some fc G N. 
Lemma [T] assures that there exists a curve A: I iso(/) such that 

Then we have 

= f o A{t) o {ipk)-^^^ 
^f°iVk):^lo) 

which means that the function F is invariant under the parallel translations 
determined by V; hence it is holonomy invariant with respect to this covariant 
derivative, as it was stated. □ 

Notice that, in particular, for a Finsler manifold (M, F) the concept of F 
being holonomy invariant with respect to a covariant derivative V is equivalent 
to (M, F) being a generalized Berwald manifold (see [6]). Thus, by the pre- 
vious theorem we obtain the following characterization of generalized Berwald 
manifolds with the help of parallelisms. 

Corollary 8. A Finsler manifold is a generalized Berwald manifold if, and only 
if, the Finsler function is compatible with a covering parallelism. 

Remark 9. All our results remain true in a more general setting. Let tt: E 
M be an arbitrary vector bundle of rank m, and F : E M. a function such 
that it is 

(i) zero exactly at the zero vectors of E, 

(ii) continuous over E. 

In this case it makes sense to define the compatibility of F with a covariant 
derivative on the vector bundle and with a covering parallelism (analogously to 
the case when the vector bundle is r: TM M), and a direct generalization 
of our argument above can be carried out in this setting as well. 

4 An example of a proper generalized Berwald 
manifold 

In this section we present a simple example of a generalized Berwald manifold, 
which is not of Berwald type. The idea is to define a Finsler function on a man- 
ifold which is holonomy invariant with respect to a unique covariant derivative, 
and to show that this particular covariant derivative has non-vanishing torsion. 
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Our example will be a two-dimensional Randers manifold. We are going to 
define the covariant derivative with the help of a global parallelism, and heavily 
use that there is a natural correspondence between the set of global parallelisms 
and 2-frames on the manifold. 

(1) Construction of the Randers manifold and a compatible parallelism. Let 
us consider the two-dimensional manifold and its standard global chart 
(K^, {x, y)). Define a 2-frame on by 

^ d d d 

ox oy ox 

and let 

dy, E"^ := —dx + x dy 



be its dual frame. Consider the Minkowski norm / := y^Ax^ + 12y2 — x on M^. 
Then 

F / o {E\E^) = ^4(d?;)2 + Ui-dx + xdy)"^ - dy. 

is a Finsler function for of Randers type. 

The frame field {Ei,E2) induces a trivialization 

ip: {p,v) e X h^> v'^Eiip) + v'^E2{p) e TR^ 

of the tangent manifold. Let P be the global parallelism determined by ip 
according to Lemma [5] Then, for any p, g e and v G TpM^, the parallel 
transport P{p,q) is given by 

Pip,q){v) ^ p, o ^-^v) = E\v)E,iq) + E^{v)E2iq). 

The Finsler function F is compatible with P. Indeed, if w :— P{p,q){v), then 
E^{w) = E^{v) and E'^{w) = E'^{v), hence F{w) = F{v). 

(2) Construction of a suitable covariant derivative. Let V be the covariant 
derivative on characterized by 

VEi \JE2 = 0. 

Then for any p G M^, u G TpR^ the mapping 

X„ : q G ^ X,{q) P{p,q){v) := E\v)Ei{q) + E\v)E2{q) G T.M^ 

is a vector field on the plane satisfying VXy = 0. Hence, the parallel transport 
along a curve 7 : / — > acts by 

P^{v) = X,{j{t)) - P(7(0),7W)(«) for V G r^(o)R'. 

Since F is compatible with the parallelism P, it follows that F is holonomy in- 
variant with respect to V. Therefore (R^, F) is a generalized Berwald manifold. 
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(3) There is no other covariant derivative satisfying the requirement ofholon- 
omy invariance. Notice first that the isometry group of Fp has only two ele- 
ments for any p G R^. More precisely, in the basis (£'i(p), E2{p)), the elements 
of iso(Fp) are represented by the matrices 

( J ? ) ^"'i ( -1 ) ■ 

Indeed, if we assume that a linear mapping A: — s> is an isometry of the 
Finsler norm / :— \/ Ax^ + 12?/^ — x, then the four conditions that / preserves 
the norms of the vectors (1, 0), (—1, 0), (0, 1) and (0, —1) imply that A is either 
the identity or the reflection about the axis y = 0. 

Now suppose that F is holonomy invariant with respect to another covariant 
derivative V, and let 7: / ^ R-^ be a smooth curve. Then for the parallel 
transport we have 

(P^)-ioP^eiso(F^(o)). 

The parallel translation is smooth, hence the linear isomorphism (P^)^^ o P^ 
depends continuously on t. Since (P°)~^oP° = it follows that P^ = P* 

for all t ^ I. Then V = V, because a covariant derivative is determined by its 
induced parallel translations (see, e.g., [9, Chapter 5]). 

(4) The covariant derivative V has non-vanishing torsion. Since 

T'^(Pi, -E2) = ^ ExE2 — V EoEi — £'2] = 

ox 

we have that (R'^ , F) is not a Berwald manifold. 
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